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Abstract
A triangulation T of a compact 2-manifold is said to be a tree–tree triangulation if the graph of T can be partitioned into two
induced trees. Hence each tree–tree triangulation is a triangulation of the 2-sphere. Recognizing tree–tree triangulations among all
simple spherical ones can be seen to be an NP-complete problem. Some (exponentially many) pairs of trees into which graphs of
some simple triangulations can be partitioned are characterized. In particular, for a pair made up of any tree and any long enough
path, there is a spherical triangulation whose graph is partitionable into that pair.
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1. Introduction
All triangulations we deal with are two-dimensional and their graphs are simple unless otherwise stated. In what
follows if misunderstanding is not likely, we do not distinguish between isomorphic (or homeomorphic) triangulations.
In particular, a triangulation is called spherical if it is a homeomorph of a triangulation of the 2-sphere. Unless otherwise
stated, by a triangulation, T , we mean a triangulation of a closed surface (i.e. of a compact 2-manifold).
A triangulation T is said to be a tree–tree triangulation [6] if the graph of T (possibly multigraph) includes two
disjoint induced trees which together include all vertices of T , that is, the graph of T can be partitioned into two
trees so that all multiple edges (if any) join the two trees. Then each dual map has a Hamiltonian graph. If the two
trees involved are isomorphs of two (possibly isomorphic) trees 0 and 1 then T is said to have a 0–1 represen-
tation, T itself being called a 0–1 triangulation. In other words, the graph of a 0–1 triangulation admits of a
bipartition into trees isomorphic to 0 and 1. It is easily seen that each tree–tree triangulation T is spherical. Namely,
let n be the number of vertices of T , n3. Then the two trees include n − 2 edges of T and each of those edges
is incident in T to two “private” faces whence f := 2(n − 2) is the number of (triangular) faces of T . There-
fore, the number of edges in T is 3f/2 = 3n − 6. Hence the Euler characteristic (T ) = 2, which proves that T
is spherical.
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General (or multigraphic) tree–tree triangulations play the main role in rectifying [6] Stein’s characterization [7] of
Hamiltonian cubic plane graphs. Moreover, it is proved in [6] that, for maximal planar graphs, being partitionable into
two forests (i.e. having vertex arboricity equal to two) and into two trees are equivalent properties.
In what follows all triangulations we deal with are assumed to be simple. A triangulation T is called simple if
it has no loops, no multiple edges, and no multiple faces. Therefore, every simple triangulation is isomorphic to a
two-dimensional simplicial complex, and T4 (whose graph is K4) is the “smallest” simple spherical triangulation.
Hence, the dual of a tree–tree triangulation is a map whose graph is Hamiltonian, cubic, 3-connected, and plane.
Therefore, recognizing tree–tree triangulations among all simple spherical ones is an NP-complete problem, cf. the
problem Hamiltonian Cycle in [4, GT 37]. Furthermore, the well-known Barnette conjecture on Hamiltonicity of planar
cubic 3-connected bipartite graphs is closely related to tree–tree triangulations. Namely, in order to prove the conjecture
it is enough to show [6] that every Eulerian maximal planar graph is the graph of a tree–tree triangulation.
Two trees 0 and 1 are called compatible (or triangulation compatible) if there exists a 0–1 triangulation. Because
the triangulation is simple, compatible trees are both nontrivial. Our investigations contribute to the general problem of
characterizing pairs of trees 0 and 1 which are compatible. Exponentially many pairs of compatible trees are speciﬁed.
On the other hand, a complete characterization is given if one of the trees is a star (Theorem 6) or K2 (Corollary 4).
General characterizations are presented in Theorems 11 and 13 and are based on our investigations into simultaneous
spherical embeddings of two disjoint trees (cf. preparatory Section 2). Therefore, in the last section we are able to show
that two nontrivial trees are compatible whenever the number of leaves in either tree does not exceed the order of the
other tree. Open problems are stated.
For graph-theoretical terminology, see Chartrand and Lesniak [1].
2. Spherical embeddings of a tree
Because we are interested in simultaneous embedding of two disjoint trees into the 2-sphere, we are going to
differentiate, when possible, between a spherical embedding and its mirror image. Assume therefore that the 2-sphere,
S, has a ﬁxed orientation, that is, in the three-dimensional space one side of S is designated as positive.
Deﬁne a rotation system on a graph G to be a pure rotation system in the sense of Gross and Tucker [5]. Thus a
rotation system on G is, for any vertex v of G, an assignment of a cyclic order (called rotation at v) to the set of
edges incident to v (see also O+(v),O+(G) in Fleischner [3, p. III.41]) together with the assumption that all edges are
orientation-preserving. As usual, for an embedding of a (planar) graph G in S, we assume that the oriented S induces
counterclockwise rotation at every (embedded) vertex v when looked at from the positive side of S. Then the associated
rotation at every vertex v in G and the resulting rotation system on G are said to be induced by the embedding of G (cf.
the system O+(G) of rotations as is speciﬁed in Fleischner [3, p. III.52] (and [2] for a plane G)). Two embeddings of
a graph G in S are called equivalent embeddings if the induced rotation systems on G coincide. This deﬁnition agrees
with that in [5] (where an orientation-preserving homeomorphism is used) in the spherical case. (It should be noted
that [5, Example 3.1.5] is misleading.) On the other hand, equivalent embeddings of a graph in the oriented 2-sphere S
are O+-isomorphic in the sense of Fleischner [2,3] though the converse is not true in general (because the graph may
have a nontrivial automorphism).
Deﬁne a double tracing of a tree to be a walk which uses each edge precisely twice. Hence each double tracing is
necessarily a closed walk. By deﬁnition, one of two equivalent double tracings can be transformed into another by an
order-preserving cyclic permutation.
An embedding of a tree  in the oriented 2-sphere S determines a family of (induced) boundary walks of (the unique
face of) the embedded tree. Namely, each boundary walk is determined by the choice of any vertex, v, to be the initial
one and by the possible choice of any edge incident to v to be the ﬁrst edge of the walk. Then, if an edge e′ appears
in the walk and leads to a vertex v′, the next edge which follows v′ in the walk is the immediate successor of e′ in the
induced rotation at the vertex v′ unless, for v′ = v, the successor of e′ is the ﬁrst edge of the walk and then e′ is the
last one. Hence the boundary walk in question ends at v and is a double tracing of the embedded tree (and represents a
double tracing of (the “abstract”) ).
Proposition 1. Given a tree, there is a 1–1 correspondence between equivalence classes of spherical embeddings and
those of double tracings of the tree.
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Proof. Given an embedding, the family of all induced boundary walks of the embedded tree makes up an equivalence
class of double tracings of the tree. Conversely, any double tracing determines an embedding in the following sense. For
any vertex, the double tracing induces the cyclic ordering of all edges incident to the vertex. It is known that this way
an embedding is determined for which the double tracing is a boundary walk. Moreover, equivalent double tracings
clearly determine equivalent embeddings. 
3. Preliminaries
A simple and interesting example of a tree–tree triangulation T is any subdivision of T4 in which new vertices (if
any) appear on two ﬁxed nonadjacent edges only and each new vertex is adjacent to both vertices of T4 which are
nonincident to the edge of T4 subdivided by the vertex. This shows the following observation.
Proposition 2. Any two nontrivial paths are compatible.
Recall that the star of a vertex v in T , in symbols St(v), is the set whose elements are the vertex v and all faces and
all edges incident to v. Then the link of the vertex v in T is the cycle made up of all vertices and edges each of which
does not belong to St(v) and is incident to an element of St(v).
Proposition 3. If trees 0 and 1 are disjoint induced subgraphs of a 0–1 triangulation T then the set of neighbors
in one tree, say tree 1−i , of any leaf v of other tree i induces a nontrivial path of 1−i .
The path is obtainable from the link of v in T by deleting the neighbor of v in i .
Corollary 4. Any nontrivial paths are the only trees which are compatible with the path P2 (=K2).
Given a graph i , i ∈ {0, 1}, let pi , hi and i stand for the number of all vertices, number of leaves (i.e. hanging
vertices), and the maximum vertex degree, respectively, all in i .
In what follows if we refer to a 0–1 triangulation T , we assume that trees 0 and 1 are ﬁxed disjoint induced
subgraphs in T .
Proposition 5. If two trees 0 and 1 are compatible then
max{i , 1 + 12hi}p1−i f or i = 0, 1. (1)
Proof. We assume that T is a 0–1 triangulation. Then both the trees are nontrivial. Therefore i <p1−i if i = 1.
Next, for each vertex v of i , any two neighbors of v in the tree i are separated on the link of v in the triangulation T
by neighbors of v which are in another tree 1−i . Hence ip1−i in each case. Each edge of 1−i is clearly in links
of exactly two vertices of i . Hence, by Proposition 3, hi2(p1−i − 1). 
The two inequalities (1) (i = 0, 1) are not sufﬁcient in general. For example, let 0 be the union of two stars K1,4
whose intersection is a leaf of both the stars. Then 0 = 4, h0 = 6 whence p14 by (1). However, if 1 is now a
star (with p1 = 1 + h1 vertices) then p15 is necessary, cf. Theorem 6. Nevertheless, inequalities (1) are sharp, cf.
Corollaries 4, 7, 8, and 10.
4. The case of a star
A double tracing of a tree starting at a leaf of the tree is called a leaf–leaf double tracing. A leaf–leaf boundary walk
of an embedded tree is similarly deﬁned. Let c0 be a leaf–leaf double tracing of the tree 0. Then all h0 leaves of 0
divide the closed walk c0 into h0 sections each of which is called a 1–1 section (and joins two leaves one to another).
Let M(0, c0) be the maximum number of mutually disjoint 1–1 sections of the double tracing c0. Put
M(0) = max
c0
M(0, c0),
maximum being taken over all spherical embeddings of the tree 0, cf. Proposition 1.
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Theorem 6. Assume that 1 is a star K1,h1 where h12. Then 1 and a nontrivial tree 0 are compatible if and
only if
max{2, h0 − M(0)}h1p0. (2)
Proof. Necessity: Consider a 0–1 triangulation T . The inequality h1p0 follows fromProposition 5 because1=h1.
Note that the remaining inequality is trivial if 0 is a path. Therefore, suppose that 0 is not any path, h03, and
assume that v10 stands for the central vertex of 1 (whose degree is the maximum degree 1 = h1). Let c0 be any
leaf–leaf boundary walk of the tree 0 in T . Note that 1–1 sections of c0 edge-induce mutually distinct paths of 0 each
of which has an inner vertex. Moreover, neighboring 1–1 sections share an edge.
Consider the subgraph H of T including the tree 0, the central vertex v10 of the star 1, and all edges of T each of
which joins a leaf of 0 to v10. According to Proposition 3, all leaves of 0 are adjacent to v10 and therefore there are h0
faces of H. The boundary of any such face includes a 1–1 section of c0. If (the interior of) a face does not include a leaf
of the star 1 then the face is triangulated in T by edges all incident to v10. Let  be the number of such faces. Then,
clearly, M(0) (and, for example,  = 0 is possible if h0h1). On the other hand, h0 − h1, which completes
the proof of necessity.
Sufﬁciency: Given any nontrivial tree 0, let h˘1 be the smallest integer among the values of h1 satisfying inequalities
(2). Thus the structure of the smallest possible star 1, say ˘1, is determined. Consider a spherical embedding of 0
in which a leaf–leaf boundary walk, c0, has M(0) disjoint 1–1 sections, which are marked. The embedding can be
extended to a 0–˘1 triangulation, T˘ . Namely, let the central vertex v10 of ˘1 be embedded and made adjacent to all
leaves of 0 ﬁrst. Call each of the resulting faces marked or unmarked accordingly as a marked 1–1 section of c0 that is
or is not included in the boundary of the face. However, if 0 is a path, one of the two faces is left unmarked (e.g. the one
which is on the side of the unmarked 1–1 section of c0). If p0 > 2, each marked face is divided into marked triangular
faces by additional edges all incident to v10. Let M ′ be the resulting map. Its unmarked faces are triangulated next.
Namely, each of h0 −M(0) unmarked faces gets 1-subdivided, that is, a point which represents a leaf of ˘1 is chosen in
the face and made adjacent to all boundary vertices of the face.Thus, an embedding of ˘1 arises and the triangulation T˘
is constructed.
Starting from T = T˘ , 1 = ˘1 and keeping track of the map M ′, the order of 1 can be made recursively greater by
1 at each step. Namely, if x is a vertex of 0 nonadjacent to v10, a new map M ′ arises from the current M ′ on dividing
a face incident to x into two unmarked faces by means of an x–v10 edge. Then one gets a new T (and a new 1) on
1-subdividing all unmarked faces. Else, if no such vertex x exists, the map M ′ is complete. Then a new T and a new
1 stepwise arise if all marked triangular faces of T are 1-subdivided one after another by means of a new leaf of 1 at
each step. Therefore, ﬁnally, one gets h1 = p0. 
Due to Corollary 4 each ‘star’ in the following two corollaries can be a nontrivial path P2 (or P3 only).
Corollary 7. Two stars 1 and 0 (either possibly K2) are compatible if and only if |p0 − p1|1.
Corollary 8. A path 0 and a star 1 with p12 are compatible if and only if 2h1p0.
5. General characterizing theorems
Let 0 and 1 be compatible trees and T a 0–1 triangulation. Let e be an edge of the tree 0 in T . Then there are in
1 two distinct vertices, say u and w, each incident to a face of T at the edge e. Let W be either component of 0.e, W
being a tree called a crown of 0 at the edge e. Call the endvertex, vW , of e belonging to W to be the root of the crown
W . Let N(W) be the forest induced in 1 by all vertices each of which is adjacent to a vertex of the subtree W of 0.
Then N(W) contains u and w (which are called the roots of N(W)) and is a subtree of 1 which clearly includes the
unique u–w path, say P1(e), of 1. The subtree N(W) can be obtained in a sense independently of the triangulation T .
To this end, choose distinct vertices u and w in 1. Let P1 be the u–w path in 1. Deﬁne a pair of sides of the path P1.
Namely, take a double tracing of 1 (due to Proposition 1, a spherical embedding of 1 is thus chosen) and then take
copies u0 and w0 of the vertices u and w, respectively, on the double tracing. Then both trees edge induced by the two
u0–w0 sections of the equivalent double tracing whose initial vertex is u0 form a pair of sides of the u–w path P1 in 1
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each of which contains this u–w path and especially the vertices u and w, which are called the roots of both sides.Thus
N(W) is one of such sides of P1(e).
We say that a crown W of 0 at an edge e on one hand, W being rooted at the endvertex vW of e, and a side N of
a u–w path in 1 on the other hand, N being rooted at the vertices u and w, ﬁt together if the trees W and N admit
of a simultaneous spherical embedding such that there is a closed disc which includes both embedded W and N , is
bounded by the union of the u–w path P1 in the (embedded) tree N and the path uvWw, and which can be triangulated
by adding some W–N edges.
Proposition 9. Any nontrivial tree and a long enough path are compatible. In particular, for an integer h2, any
path of order ph and a tree (possibly K2) with h leaves are compatible.
Proof. Let 0 denote the given tree on the 2-sphere. Let h′0 and h′′0 be the numbers of leaves of 0 in the two crowns
at an edge e of 0. Let 1 be a path with p1 vertices where p11 + max {h′0, h′′0}. Then there is a 0–1 triangulation
in which P1(e)= 1, each vertex of the path 1 has neighbors in both crowns of 0 at e, and consecutive leaves of both
crowns are joined to both endvertices of consecutive edges of 1 appropriately ordered along 1. 
Corollary 10. There are exponentially many n-vertex trees 0 which are compatible with a path on n/2 vertices,
n4.
Let 0 comprise any tree  of order n/2, a disjoint copy of , and a connecting edge e, e being subdivided by a
new vertex exactly if n is odd.
The following two results are evident.
Theorem 11. Given two trees 0 and 1, there is a 0–1 triangulation if and only if the two trees are nontrivial and,
for any edge e of either tree, say e is in 0, there are two distinct vertices u and w in the other tree 1 together with a
pair of sides of the (unique) u–w path, P1, in 1 such that either crown, W , of 0 at e and a bijectively corresponding
side, N(W), of P1 in 1 ﬁt together.
Proposition 12. If two trees are compatible then any subdivision of either tree is compatible with the remaining tree.
Given an integer r , r2, let
[r] := {0, 1, . . . , r − 1}.
Assume that  is a nontrivial tree. Let w0, . . . , wr−1 be any r nontrivial walks in  such that, for j ∈ [r], the walk wj
is a path whose terminal vertex is the initial vertex of wj+1 (where wr := w0) and, moreover, the walk w composed
of the paths w0, . . . , wr−1 in this ordering, we write w = w0w1 . . . wr−1, is a double tracing of . Then the r-tuple
(w0, w1, . . . , wr−1) is called a double tracing path decomposition (abbreviated to dtpd) of . Because a leaf of  cannot
be an inner vertex of any subpath of a double tracing of , we can get a dtpd of  by subdividing the 1–1 sections of
some double tracing of .
For any set A, let P2(A) denote the set of all 2-element subsets (couples) of A, i.e. P2(A) = {{x, y} : x = y and
x, y ∈ A}. Deﬁne dp(w0, . . . , wr−1) to be the set of all couples {i, j} ∈ P2([r]) such that wi and wj are disjoint paths,
and let di(w0, . . . , wr−1) denote the set of all couples {i, j} ∈ P2([r]) such that the paths wi and wj have distinct
initial vertices.
For a nontrivial tree , a triple (r,,∗) is called a permissible triple of  if r is an integer at least 2, both  and
∗ are (possibly empty) subsets of P2([r]) and there are r paths w0, . . . , wr−1 in  such that (w0, w1, . . . , wr−1) is a
dtpd of  and dp(w0, . . . , wr−1) =  and di(w0, . . . , wr−1) = ∗.
Theorem 13. Let 0 and 1 be nontrivial trees. Then 0 and 1 are compatible if and only if there exist an integer r2
and permissible triples (r,0,∗0) and (r,1,∗1) of 0 and 1, respectively, such that for i = 0, 1 and any k, l ∈ [r],
k = l, the premise {k, l} /∈i implies {r − k, r − l} ∈ ∗1−i where, for k = 0 or l = 0, the corresponding element r − 0
reads 0.
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Obviously, if ∗0 = ∗1 =P2([r]) then both the implications stated in Theorem 13 for i = 0, 1 are trivially true.
Proof. Sufﬁciency: Let i ∈ {0, 1}. The existence of the stated permissible triples implies the existence of a double
tracing wi = wi0wi1 . . . wir−1 of the tree i such that (wi0, . . . , wir−1) is a dtpd of i with dp(wi0, . . . , wir−1) = i and
di(wi0, . . . , w
i
r−1) =∗i . Consider a ﬁxed embedding of the disjoint union of 0 and 1 in the oriented 2-sphere S
such that the double tracing wi is a boundary walk induced by the restriction of the embedding to the tree i (see
Proposition 1).
Let the initial vertex of the subpath wij of the walk wi = wi0wi1 . . . wir−1 be denoted by xij , j ∈ [r]. Since now on,
indices at x’s read modulo r . Then xij+1 is the terminal vertex of w
i
j andx
i
j = xij+1 because wij is a nontrivial path.
If for k = l (k, l ∈ [r]), the paths wik and wil have a vertex in common, i.e. {k, l} /∈ dp(wi0, . . . , wir−1)=i , then, by
assumption, {r − k, r − l} ∈ ∗1−i= di(w1−i0 , . . . , w1−ir−1) holds, i.e. the initial vertices of w1−ir−k and w1−ir−l are distinct:
x1−ir−k = x1−ir−l .
Now we join the vertex x0j both to x1r−j and x1r+1−j by additional edges in S for each j ∈ [r]. Due to the assumption
on ’s, multiple edges do not arise. Therefore what results is a map, H , on S with 2r faces, f 0j and f
1
j , j ∈ [r]. Then
the boundary of each face f ij consists of the two paths w
i
j and x
i
j x
1−i
r−j x
i
j+1. Hence it follows that we can triangulate
every face f ij of H by additional edges (on S) joining every inner vertex of the path wij to the vertex x1−ir−j , j ∈ [r],
i = 0, 1. This transforms the map H into a spherical triangulation, T , which is easily seen to be a 0–1 triangulation.
Necessity: Let T be a 0–1 triangulation of the oriented 2-sphere S. Let ni = 2 |E(i )| = 2 (pi − 1), i = 0, 1. A
face of T incident to an edge of i is called a i-face, i ∈ {0, 1}. Note that each face is either a 0- or 1-face. An
edge is called an alternating edge if it is incident both to a 0- and a 1-face. Each alternating edge is among 0–1
edges of T . Consider induced boundary walks w0 and w1 of the two trees 0 and 1 (embedded in S), respectively. Let
(yi0, y
i
1, . . . , y
i
ni−1, y
i
ni
= yi0) be the vertex sequence of wi , i = 0, 1. Assume that the initial vertices therein are chosen
so that y00y
1
0 and y01y10 are edges in T and y00y10 is an alternating edge, i.e. y00 , y10 , y01 and y10 , y00 , y11are the vertices of
two adjacent faces of T , say f1 and fn0+n1 , respectively.
All the n0 +n1 faces of T together with all 0–1 edges can be arranged into a ‘cycle of faces’, say . The cycle  is
an alternating sequence of the edges and faces such that the alternating edge y00y10 is both the initial and terminal term
of  and the sequences y00y10 , f1, y10y01 and y11y00 , fn0+n1 , y00y10 are the initial segment and terminal one, respectively.
Moreover, the two neighbors of an edge in  are the two faces incident to the edge in T .
Note that the number of alternating edges is even, say 2r . Then r2; in fact, r max{h0, h1}2.All of the alternating
edges taken in order of their appearance in  make up a closed trail being a zig-zag between boundary walks w0 and
w1. The zig-zag divides  into 2r fans so that the pivot of any fan is a common vertex of neighboring edges in the
zig-zag. Therefore pivots (though they need not be mutually distinct) divide each walk wi into r paths wij which make
up a dtpd of the tree i such that wi = wi0wi1 . . . wir−1 for i ∈ {0, 1}.
Let xij denote the initial vertex of the path w
i
j , j ∈ [r]. Hence xi0 = yi0, the initial vertex of wi , and each wij is the
xij–x
i
j+1 path in the tree i where xir := xi0. Moreover, one can see that all vertices of wij are adjacent to the pivot x1−ir−j
where i ∈ {0, 1} and j ∈ [r]. Hence, if any twodistinct pathswik andwil are not disjoint then the two corresponding pivots
x1−ir−k and x
1−i
r−l are distinct because otherwise T would have a multiple edge. Therefore if i := dp(wi0, . . . , wir−1) and
∗i := di(wi0, . . . , wir−1) for i=0, 1, we obtain permissible triples (r,0,∗0) and (r,1,∗1) of 0 and 1, respectively,
which are easily seen to have properties asserted in Theorem 13. 
6. Sufﬁcient conditions
Theorem 14. Let 0 and 1 be nontrivial trees satisfying hip1−i , i = 0, 1. Then 0 and 1 are compatible.
Proof. Let  be a tree with p vertices and h leaves. Let w be any (but ﬁxed) leaf–leaf double tracing of this tree. We
carry out the following construction.
Let n = 2 (p − 1). Assume that Y = (y0, y1, . . . , yn = y0) is the vertex sequence of the closed walk w. Let
(z0, z1, . . . , zh−1) be the subsequence comprising all h (distinct) leaves of  where z0 = y0, and put zh := yn. Then
each zj–zj+1 section of w for j ∈ [h], is a 1–1 section which is a nontrivial path in . Deﬁne a term yk of the sequence
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Y to be marked if kn − 1 and there is an integer l such that 0 l < k and yl = yk . Thus all unmarked terms except
of yn are precisely the ﬁrst appearances of the p vertices of  in the vertex sequence Y. Hence all terms of Y which
are leaves in , i.e. all h + 1 terms of the “cyclic” subsequence Z = (z0 = y0, z1, . . . , zh−1, zh = yn = z0) of Y , are
unmarked.
Let r be an integer such that hrp. Let X = (x0, x1, . . . , xr−1, xr ) be any subsequence of Y which comprises
r + 1 unmarked terms of Y and includes Z as a subsequence. Since Y contains exactly p + 1 unmarked terms and all
terms belonging to Z are unmarked, such a sequence X exists and moreover, xr = x0 = y0 holds. If wj denotes the
xj–xj+1 section of the (closed) walk w we get w =w0w1 . . . wr−1. Obviously, the xj–xj+1 sections of w, j ∈ [r], are
some subdivisions of the 1–1 sections of w. Because the latter are paths in , so are all wj ’s (and moreover, they are
nontrivial). Therefore (w0, w1, . . . , wr−1) is a dtpd of  in which initial vertices of all the r paths are mutually distinct.
Hence, if  := dp(w0, . . . , wr−1) and ∗ := di(w0, . . . , wr−1) then (r,,∗) is a permissible triple of the tree  with
∗ =P2([r]).
This construction carried out for the trees 0 and 1 and any ﬁxed number r satisfying hirpi , i = 0, 1 (such an
r exists because of hip1−i , i = 0, 1), yields permissible triples (r,0,∗0) and (r,1,∗1) of 0 and 1, respectively,
with ∗0 = ∗1 =P2([r]). Hence it follows, that the requirements in Theorem 13 are trivially satisﬁed, which ends the
proof. 
Corollary 15. Let 0 and 1 be nontrivial trees with h1h0.Then there is a subdivision ˘1 of 1 by at most max{0, h0−
p1} subdivision points such that 0 and ˘1 are compatible, and for every subdivision ˘1 of 1 by at least max{0, h0 −p1}
subdivision points, 0 and ˘1 are compatible.
Proof. Let ˘1 be any subdivision of 1 by exactly max{0, h0 − p1} subdivision points. Such a ˘1 exists; in case that
h0p1 we have ˘1 = 1. If p˘1and h˘1 denote the numbers of vertices and of leaves of ˘1, respectively, it follows
h˘1 =h1h0p0 and h0 p˘1 (namely, h0 < p˘1 if h0 <p1 and h0 = p˘1 if h0p1). Using Theorem 14 and Proposition
12 completes the proof. 
Corollary 16. Given a nontrivial tree 0, there are inﬁnitely many trees 1 such that a 0–1 triangulation exists.
Out of possible open problems related to the above results the following seems to be very natural and the simplest
to state. Given a path 0 on more than two vertices, characterize trees 1 (distinct from paths and stars) such that trees
0 and 1 are compatible. (See Corollary 4 for the case 0 =K2, Corollary 8 for the case 1 is a star, and Proposition 2
for the case of paths.) Given a tree 1, it is an open problem to determine the smallest order among paths 0 such that
0–1 triangulations exist (cf. Proposition 9).
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